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Abstract
We prove that there are uncountably many smooth structures on the four manifold Σ × R if Σ
belongs to one of the following classes:
(i) rational homology spheres;
(ii) Seifert 3-manifolds;
(iii) almost flat 3-manifolds.
Moreover, when Σ is a rational homology sphere, these smooth structures on Σ × R can be
embedded into the connected sums of CP 2. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
It is well known that there are uncountably many different smooth structures on R4. This
follows from the gauge theory of open 4-manifolds with one periodic end and Freedman’s
surgery theory. In 1992, DeMichelis and M. Freedman further constructed uncountably
many smoothings on R4 which are all smooth submanifolds of R4. In fact, the smooth
structures on R4 form an abelian semigroup, denoted by Ω , where the addition is the end
sum.
It is also interesting to ask if every noncompact 4-manifold admits uncountably many
different smooth structures. The following simple procedure proves useful for this study.
Let M be a noncompact 4-manifold with an open end α. For each R ∈ Ω , we can form
the end sum M\R along the end α. Obviously, M\R ≈M . Therefore, {M\R | R ∈Ω} is
a family of manifolds homeomorphic to M . To show that M admits uncountably many
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different smoothings, it is enough to prove that this family does. Along this line, it is
already known that there are uncountably many different smoothings on any punctured four
manifolds [6], R2-bundle over some surface [2] and some other families of noncompact
4-manifolds [4].
In this paper, we are going to study the question of when M × R admits uncountably
many different smoothings if M is a closed 3-manifold. First of all, we will modify the
techniques of [1] and [6] to show:
Proposition A. Let M be a closed 3-dimensional topological flat submanifold of #n1CP 2 .
Then there are uncountably many smooth structures on M × R which are all smoothly
embedded into #n1CP 2.
This gives rise to an interesting question, namely, when does a 3-manifold embed into
the connected sum of CP 2?
In [4] we have obtained a partial answer to this question. More recently, Edmonds [3]
has proved that if Σ is a rational homology 3-sphere, then Σ embed locally flatly into
the connected sums of CP 2. In general, however, we will define an obstruction for this
embedding problem and prove that:
Theorem B. There are infinitely many orientable 3-manifolds that do not embed locally
flatly into any simply connected closed negative definite 4-manifolds.
Recall that any linking form can be split into the orthogonal sum of the rank 1 forms of
type ( q
p
) and the rank 2 forms on Z2k ⊕Z2k , k = 1,2, . . . . The latter abstract linking forms












As an easy consequence of Proposition A and the result of Allan Edmonds mentioned
above, we have:
Theorem C. Let Σ be a rational homology sphere. Then there are uncountably many
smooth structures on Σ × R which are smoothly embedded into #m1 CP 2 for sufficiently
largem. Moreover, if the linking pairing ofΣ is isomorphic to the orthogonal sum⊕n( qi
pi
),
then we can take m= 8n.
As we have learned, in general, the problem of embedding a 3-manifold into #CP 2
does not have a simple answer. Thus, one needs to find some other way to construct exotic
structures on M ×R. The following observation might be useful for this purpose:
Proposition D. Let M be a closed 3-manifold. Then there are uncountably many smooth
structures on M ×R if a finite-fold covering of M can be embedded smoothly into #n1CP 2
for n large.
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Remark A. In the above proposition, the smooth structures we will construct on M ×R
are not necessarily embedded smoothly into #n1CP 2 for any n. Proposition D is a virtual
version of a result of Ding [2]. The most striking advantage is that Proposition D covers
the nonorientable case too.
Remark B. A direct consequence of Proposition D is that, for any 3-dimensional space
form Σ , there are uncountably many smooth structures on Σ ×R.
Motivated by Proposition D, it is very natural to ask if every 3-manifold has a finite-
fold covering embedable smoothly into #n1CP 2 for n large. Therefore, it is interesting to
study whether surface bundles over S1 embed smoothly into #n1CP 2 for n large, since
W. Thurston conjectured that every hyperbolic 3-manifold is covered by such a bundle.
Theorem E. There are uncountably many smooth structures on M ×R if M lies in one of
following classes:
(i) Seifert bundles over closed surfaces;
(ii) almost flat 3-manifolds in Gromov’s sense [8].
Proof. By Scott [9], it is easy to see that every Seifert bundle over a closed surface is
covered by an oriented circle bundle over some closed surface, say E. Clearly, E embeds
into #n1CP 2 for large n as the boundary of the neighborhood of an embedded surface.
For any almost flat 3-manifold, by Gromov’s theorem [8] there is a finite covering which
is a Nil-manifold, i.e., the quotient of a Nil–Lie group by a discrete subgroup. Nil3 is a
Seifert bundle over a closed surface with Euler characteristic zero, and so Nil3 is finitely
covered by a circle bundle over a surface which embeds into #n1CP 2. By Proposition D,
the proof follows. 2
2. Proof of Propositions A and D
Throughout this section we use \ to denote the end sum.
Proof of Proposition A. The proof follows by modifying [1] and [6]. The exotic nature is
detected via the failure of the smooth five dimensional h-cobordism theorem. It turns out
that Donaldson’s polynomial invariant is used to distinguishing the exotic nature.
Let B be a simply connected nonspin elliptic surface with b+ = 3 (for example, the
blow-up of a K3 surface). Let Q be the connected sum of CP 2 and CP 2 with the same
homotopy type as B . It is well known that Q and B are smoothly h-cobordant.
In [1], an exoticR4, say R′, and a compact submanifoldK ⊂R′ was constructed so that:
(i) R′ embeds smoothly into R4.
(ii) There are two smooth embeddings i :R′ →B and j :R′ →Q so that B − i(K) and
Q− j (K) are diffeomorphic.
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Let h :R′ →R4 be a homeomorphism. We will say that h−1(B(0, s)) is the open ball of
radius s in R′. We denote it by R′s . Fix a real r0 such that the ball of radius r0 contains the
compact set K .
For our 3-fold M , note that M × R is a topological submanifold of #n1CP 2. Put the
induced smooth structure onM×R and perform the end sum withR′s , s > r0. We are going
to show that there are uncountably many different elements among the family M ×R\R′s ,
s > r0.
To show this, we first show that the family consisting of the pairs (M×R\R′s ,K), s > r0,
contains uncountably many different elements up to diffeomorphism.
In fact, we can show that, if s > t > r0, then there is no diffeomorphism between
(M × R\R′s ,K) and (M × R\R′s ,K) which is the identity on K . Since there are only
countably many smooth embeddings of the compact manifold K into M × R#R′s , there
are at most countably many t , t > s such that M ×R#R′t is diffeomorphic to M ×R#R′s .
Hence the proof follows once we establish the above claim.
Suppose the claim is false. Then there are s > t > r0 so that
(M ×R\R′s ,K)≈ (M ×R\R′t ,K)
and the diffeomorphism is the identity on K . Clearly, there is an embedding
h :R′s ↪→M ×R\R′s ≈M ×R\R′t ↪→ #n1(CP 2)#R′s
with compact closure in #n1CP 2#R
′
s such that h|K = id.
Let Bk = Bk−1##n1CP 2 and let i0 be the restriction of i on R′s . Let ik = (ik−1# id)h. In
some sense, the embedding h is a contraction map and so i1(R′s )⊂ (i0# id)(R′s##n1CP 2)⊂
B1 has compact closure and the complement (i0# id)(R′s##n1CP 2)− i1(R′s ) is diffeomor-
phic to #n1(CP 2)#R
′
s− Im(h). Continuing this process, i0, i1, . . . , ik determine k successive
rings on Bk − i(K). Every ring is diffeomorphic to #n1(CP 2)#R′s − Im(h). As in [1], we
may put a Riemannian metric on the Bn such that the rings are all isometric and the metrics
on the various Bn’s agree elsewhere. This gives a limiting Riemannian manifold B∞ by
throwing away the part of Bn containingK and adding an infinite periodic end.
By (ii), B − i(K) ≈ Q − j (K). Let Qm = Qm−1##nCP 2 and Q0 = Q. We can put
a Riemannian metric on Qn so that Qn − j (K) and Bn − i(K) are isometric. Thus the
limiting Q∞ is isometric to B∞.
By the adaptation of Donaldson invariant in [7], for any 4-fold X with homotopy type
B , there exists a well defined Donaldson type invariant as follows: For any ν ∈H 2(X,Z)
with ν2 = 2 (mod 4), there exists an SO(3) bundle over X so that w2(P ) = ν (mod 2)
and p1(P ) = −6. The invariant γX(ν) ∈ Z is defined as the number of the generic ASD
connections on P up to gauge equivalence.
By a vanishing type theorem, γQ(ν)= 0 since it is the connected sum of two manifolds
with b+ > 1. However, by [7] there exists ν ∈ H 2(B,Z) such that γB(ν) 6= 0. Moreover,
if ν′ ∈ H 2(Bm,Z) is the trivial extension of ν to B0 = B (i.e., the component in
H 2(#mnCP 2,Z) is zero), then γBm(ν′)= γB(ν).
For this class ν ∈ H 2(B,Z), we can extend trivially to a class on Bn and on B∞.
The latter has compact support. The diffeomorphism B − i(K) ≈ Q − j (K) gives a
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class ν′ in Qn and Q∞. By the work of Taubes [11], the argument of [1] goes through
to show that γB∞(ν) and γQ∞(ν′) are well defined. Moreover, γB∞(ν) = γB(ν) 6= 0,
γQ∞(ν
′)= γQ(ν′)= 0. However, the isometry between B∞ andQ∞ sending ν to ν′ shows
that γQ∞(ν′)= γB∞(ν). This contradiction shows that the embedding h does not exist. The
proof follows. 2
Proof of Proposition D. The standard arguments [10] for exotic smoothings can be
adapted to this case without difficulty. For the reader’s convenience, we give a complete
proof.
Let M̂ be a q-fold cover of M which embeds into N = #n1CP 2. First let us consider the
case that M is nonorientable. M̂ is orientable by the embedding property. Thus q is even,
say q = 2p.
Let RΓ ∈ Ω denote the exotic structure constructed in [5]. RΓ has the special nature
that the oppositely oriented RΓ can be smoothly embedded into CP 2. The end of RΓ
is diffeomorphic to the end of a smoothing of |E8|#CP 2 − pt , where |E8| is a simply
connected closed 4-manifold with the negative intersection form E8. RΓ is exotic since
|E8|#CP 2 does not admit any smooth structure by Donaldson’s theorem. Using Taubes
[11], there is a real r0 so that every open topological ball RΓ,r of radius r > r0 in RΓ
with the induced smooth structures is exotic too, and these give a family of different exotic
structures parametrized by the real r > r0.
Given M ×R with the product smooth structure, form the end sum with RΓ,r (r > r0)
along the +∞ end. We claim that M ×R\RΓ,s and M ×R\RΓ,t are different, as smooth
manifolds, for s > t > r0. Otherwise, by passing to the covering M̂ × R we obtain a
diffeomorphism
M̂ ×R\pRΓ,t \pRΓ,t ≈ M̂ ×R\pRΓ,s\pRΓ,s .
By the assumption, M̂ ×R\pRΓ,t embeds locally flatly into N0 = N##p1CP 2. There is a
natural smooth embedding
f : \pRΓ,s ↪→ M̂ ×R\pRΓ,s\pRΓ,s ≈ M̂ ×R\pRΓ,t \pRΓ,t ↪→ N0\pRΓ,s .
Moreover, the image of this embedding has compact closure in N#pRΓ,s . For any real
r ∈ (r0, s), we may delete the closure of f (\pRΓ,r ) to obtain a 4-manifold W with two
diffeomorphic ends. W has negative definite intersection form.
On the other hand, by shaving the end we have a 4-manifold (|E8|#CP 2 − pt)s whose
end is diffeomorphic to that of RΓ,s . Thus \p(|E8|#CP 2 − pt)s has the same end as
\pRΓ,s . Let
X = \p(|E8|#CP 2 − pt)s ∪W × {1} ∪W × {2} ∪ · · ·W × {n} ∪ · · ·
by splicing the end of \p(|E8|#CP 2 − pt)s into the left end of W × {1}, splicing the right
end of W × {1} into the left end of W × {2} and so on. X is an open manifold with a
periodic end. The core of X is \p(|E8|#CP 2 − pt)s , which has nonstandard intersection
form. By [11], this is impossible.
The case in which M is orientable is similar and easier. 2
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3. Embeddings of 3-manifolds
In this section we define an obstruction for the problem of embedding a 3-manifold in a
negative definite 4-manifold in the topological category.
If M is a closed oriented 3-manifold, let T1(M) denote the torsion subgroup of the first
homology H1(M,Z). We define the classical link form VM :T1(M)× T1(M)→ Q/Z as
follows:
Suppose that α,β ∈ T1(M). Represent α and β by disjoint 1-cycles, or even simple
closed curves A and B . There is a positive integer n such that nβ = 0 in H1(M). Thus
there is a 2-cycle C with ∂C = nB . Then VM(α,β) = A · C/n in Q/Z. One can argue
that the linking form is well-defined, independent of all the choices made in the course
of its definition. VM is symmetric and nonsingular by Poincaré Duality and Universal
Coefficients.
If M is a rational homology sphere that is the boundary of a 4-manifold W with
H1(W)= 0, by the extension
0→H2(W)→H2(W,M)→H1(M)=G→ 0
it follows that −S−1 is the linking pairing of H1(M) with suitable basis, where S is the
intersection matrix of W .
As already shown in [4], to construct the embedding of a rational homology 3-sphere in
#nCP 2, we can construct two 4-manifolds of negative intersection forms with boundaries
M and M . To get these, one has to find a negative definite matrix S over Z such that S−1
represents the linking pairing of M with either orientation. If this can be achieved, using
Freedman’s theory one can construct a simply connected manifold with boundary M and
intersection form S . Similarly one gets another piece for M . Gluing these together along
the boundary, together one gets a closed manifold with negative definite intersection form.
Using a similar idea, Allan Edmonds recently proved that:
Theorem 3.1 (Edmonds). Let Σ be a 3-dimensional rational homology sphere. Then Σ
embeds locally flatly into the connected sum #mCP 2 for m large. Moreover, if the linking
form of Σ is isomorphic to ⊕ni=1(qi/pi), then Σ embeds locally flatly into #8nCP 2.
We refer to [3] for details.
Theorem C follows from Theorem 3.1 and Proposition A.
Let M be an oriented closed 3-manifold. Recall that the cup product defines a skew
symmetric 3-form µM on the space H = H 1(M,Z). µM can be regarded as a trilinear
map µM :H ⊗H ⊗H → Z which completely determines the cohomology ring of M by
Poincaré duality. µM can also be regarded as an element of Λ3H . Let β = rankH .
Definition 3.2 (An obstruction to the embedding of 3-manifolds). Let H be a free abelian
group of finite rank (or a field of character zero). µ ∈Λ3H is called metabolic if there is a
decompositionH ≈H1⊕H2 such that µ|H1 = 0 and µ|H2 = 0.
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Lemma 3.3. Let M be a locally flat submanifold of X, a closed oriented 4-manifold with
H1(X) = 0 and negative definite intersection form. Then there exists a decomposition
H ≈H1 ⊕H2 such that µM |H1 ≡ 0 and µM |H2 ≡ 0.
Proof. By duality it is easy to see that M separates X into two parts, namely W1 and
W2, with M as the boundary. Let k1 = rankH1(W1) and k2 = rankH1(W2). By the exact
sequence
H2(M)→H2(W1)⊕H2(W2)→H2(X)→H1(M)→H1(W1)⊕H1(W2)→ 0
it follows that β > k1 + k2.
Let i1 :M → W1, i2 :M → W2, j1 :W1 → X and j2 :W2 → X denote the inclusion
maps. As the intersection form of X is negative definite, the homomorphism j1∗i1∗ =
j2∗i2∗ :H2(M)→ H2(X) must vanish. Otherwise, the image gives some class with null
intersection number. Therefore, im i1∗ ⊂ kerj1∗. Hence rank(im i1∗)6 rank(kerj1∗).
Consider the exact sequence for the pair (X,W1),
0→H3(X,W1)→H2(W1) j1∗−→H2(X).
By the isomorphism H3(X,W1) ≈H3(W2,M)≈H 1(W2) it follows that rank(ker j1∗) =
k2.
Similarly, by the exact sequence for the pair (W1,M)
0→H3(W1,M)→H2(M) i1∗−→H2(W1)
and duality, we have rank(im i1∗)= rankH2(M)− k1 = β − k1.
Therefore β − k1 6 k2 and so β 6 k1 + k2.
Combining this with the above inequality, we conclude that β = k1 + k2. Therefore,
H1⊕H2 ≈H1(M)/T1(M), where H1 =H1(W1)/T1(W1), H2 =H1(W2)/T1(W2) and T1
stands for the torsion subgroup.
The inclusions i1 and i2 naturally induce maps f1 :M → K(H1,1) and f2 :M →
K(H2,1), where K(Hi,1) is an Eilenberg–Maclane space. For i = 1,2, (fi)∗ :H1(M)→
H1(K(Hi,1)) = Hi is an epimorphism. Moreover, with the induced orientation, (M,f1)
and (M,f2) are zero bordant in the oriented bordism groups Ω3(K(H1,1)) and
Ω3(K(H2,1)). Therefore, each of f1 and f2 induces the zero homomorphism on the third
homology groups. Using duality, this is equivalent to the conclusion of the lemma. 2
By Sullivan [10], for any free abelian group H of finite rank and any skew symmetric
3-form µ on H , there exists a 3-manifoldM so that H 1(M)=H and µM ' µ. Therefore,
the proof of Theorem B follows if there are infinitely many non-metabolic skew symmetric
trilinear forms.
Obviously, any skew symmetric trilinear form on a Z-module of rank at most 2 is trivial.
Hence, any skew symmetric trilinear form on H with rankH 6 4 is metabolic. However,
we will prove that:
Lemma 3.4. If n> 15, then the set of non-metabolic 3-forms on R2n contains a nonempty
open subset of Λ3R2n.
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Proof. Let Zn = {µ ∈ Λ3R2n: µ|Rn×0 = 0}. Clearly, Zn is a linear subspace of Λ3R2n.
Note that dimZn = dimΛ3R2n − dimΛ3Rn. Hence,




Let M denote the set of metabolic 3-forms. For any µ ∈M, there is at least one n-
plane H ⊂R2n such that µ|H = 0. Obviously, there is a special orthogonal transformation
switching H to Rn × 0. Therefore, µ lies in an orbit SO(2n)(x) for some x ∈ Zn, where
SO(2n) acts naturally on Λ3R2n.
To prove the lemma, we first prove thatM is a proper subset of Λ3R2n. If not, then the
natural map
SO(2n)×Zn→Λ3R2n
is surjective. Therefore, the composition
Zn ⊂Λ3R2n pi→Λ3R2n/SO(2n)
is also surjective, where pi :Λ3R2n→ Λ3R2n/SO(2n) is the projection. Note that pi is
an open map. The orbit space Λ3R2n/SO(2n) is a Hausdorff space. From the above
surjectivity, we conclude that the Hausdorff dimension
dimZn > dimΛ3R2n/SO(2n).
On the other hand, it is well known that
dimΛ3R2n/SO(2n)> dimΛ3R2n − dim SO(2n).
Therefore,
dimZn > dimΛ3R2n − dim SO(2n)= n(2n− 1)(2n− 2)3 − n(2n− 1).
Substituting the dimension formula of Zn, we get n(2n− 1)> n(n− 1)(n− 2)/6. This is
impossible if n> 15.
On the other hand, note that the image of
SO(2n)×Zn→Λ3R2n
is a closed subset ofΛ3R2n, since SO(2n) is compact andZn is a linear subspace ofΛ3R2n.
From the above,M is a subset of this closed proper subset. Therefore, the complementMc
contains a nonempty open set of Λ3R2n. 2
By Lemma 3.4, there exist µ0 ∈Mc and an open neighborhood V (µ0) in Λ3R2n such
that V (µ0)⊂Mc. Consider the space Λ3Q2n ⊂Λ3R2n. Obviously this is a dense subset.
Therefore V (µ0) contains infinitely many 3-forms over Q. On the other hand, for any
3-form µ, clearly qµ ∈M if and only if µ ∈M, provided q 6= 0.
Theorem 3.5. Let H = Z2n. If n > 15, then there is at least one non-metabolic trilinear
skew-symmetric form on H .
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Proof. Let e1, e2, . . . , e2n be a basis of H . From the above, we have shown that there is
at least one non-metabolic 3-form over H ⊗ Q, say µ. Note that µ(ei, ej , ek) ∈ Q for
1 6 i, j, k 6 2n. Choose a nonzero integer q such that qµ(ei, ej , ek) ∈ Z for all i, j, k.
Obviously qµ is also non-metabolic. Further, on the integral lattice H ⊂H ⊗Q, qµ takes
integral values. Therefore, qµ gives the required trilinear skew-symmetric form on H . 2
Proof of Theorem B. By Sullivan’s theorem mentioned above and Theorem 3.5, for each
n > 15, there is at least one 3-manifold M such that H 1(M)= H is an abelian group of
rank 2n, and the trilinear formµM is not metabolic. By Lemma 3.3,M cannot be embedded
into any simply connected negative definite 4-manifold. Therefore, when n grows, we get
an infinite sequence of 3-manifolds which can not be embedded into X, where X is a
simply connected negative definite 4-manifold. 2
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